Introduction
The combinatorial interpretation of the Eulerian number A well-known explicit formula for B d is
We show the relation between Eulerian numbers and B-splines in the following theorem:
Proof. A simple observation is that the conclusion holds for k = 1 and also d k.
Comparing (1.1) and (1.4), we can see that the conclusion holds by induction. 2
Schoenberg has shown the relation between uniform B-splines and Eulerian polynomials, which in turn are related with Eulerian numbers (see [9] ). In this paper, we make the relation clearer and investigate Eulerian numbers based on B-splines. The rest of this paper is organized as follows. In Section 2, we list many examples to show that some classical results for Eulerian numbers can follow from the properties of B-splines. In Section 3, we present the spline interpretations of refined Eulerian numbers and descent polynomials, and many new results about the refined Eulerian numbers are also derived by B-splines.
Examples
Based on Theorem 1.1, many classical results about Eulerian numbers can be recast by B-splines. We just list several examples here.
Example 2.1 (Log-concavity).
The function log B d is concave on the interval (0, d) (see [5] ) and then, by Theorem 1.1, it implies that Eulerian numbers A d,k are log-concave in k for fixed d. 
Example 2.2 (Worpitzky's indentity). Recall Marsden's identity for B-splines,
which implies the well-known Worpitzky's identity for Eulerian numbers [6] 
Example 2.3 (Integral representation).
In [10] , Nicolas gave an integral representation for Eulerian numbers,
Nevertheless the similar representation of B-splines seems to be originally given by Sommerfeld in 1904 [1] . Recall that the
Based on Theorem 1.1, (2.3) implies (2.2).
Example 2.4 (Refinement equations). The Eulerian numbers satisfy
which can be considered as a special case of the refinement equation of B-splines
(2.4)
B-splines and refined Eulerian numbers
We firstly introduce two extensions of Eulerian numbers. The refinement of the Eulerian number, say A d,k, j , is the number of permutations in the symmetric group S d with k descents and ending with the element j. To give the combinatorial interpretation for the mixed volumes of two adjacent slices from the unit cube, in [7] , the authors find A d,k, j are associated to the volume of the slices of unit cubes, i.e.,
where V (·) denotes the volume function with the normalization stands for the set of all indexed permutations which is an ordinary permutation in the symmetric group S d where each letter has been assigned an integer between 0 and n − 1 (see [4, 7] ). In [4] , Steingrímsson showed that 
where the first equality uses the geometric definition of B-splines (see [3] ) and the last equality uses B d+1 (x) = 1 0
From the argument above, one has
Combining (3.1) and the equation above, we obtain
Based on Theorem 3.1, many results about A d+1,k,d− j+1 and D(d, n, k) can be derived as follows:
Particularly, when n = 1, we have
Proof. (i) and (ii) can be obtained directly from the explicit formula for B-splines (1.3). (iii) and (iv) can follow from the refinement equation for B-splines (2.4) and the log-concave property of B-splines, respectively. So, we only give the detail proof for (v). According to (ii), using the explicit formula for the refined Eulerian numbers, we have
Now we obtain that
Similarly,
can also be derived from the explicit formula for the refined Eulerian numbers. 2
